Crack detection in structures has attracted the researchers for many years. Several crack detection attempts use measurements of the structure's modal parameters, like the natural frequencies and mode shapes. One of The easiest parameter among them to measure and correlate to cracks is the natural frequencies. Several approaches focused on crack detection in beams and bars using the changes in the natural frequencies. The direct problem has been addressed, but the inverse problem is a challenging one, where it starts by measuring certain structural properties and estimate the crack location and size. In most research works, the natural frequencies of the intact structure or historical measurements have to be known in advance. Another feature in similar studies is to handle the beam action and bar action separately. The inverse problem of an Euler-Bernoulli beam with an open crack is addressed here. Unlike these models, the present model utilizes the first axial and transverse natural frequencies to determine the size and location of the crack, without prior historical measurements.
INTRODUCTION
Successful early detection of cracks can help avoid structural failure which could cause dangerous accidents [1] . This stimulated many researchers to focus on Structural Health Monitoring (SHM) in the last three decades. In the forward problem, the researcher attempts to correlate changes in certain system parameters to known damage properties. The inverse problem, which is more realistic, is to start by measuring some of the system parameters and then try to quantify the damage without prior knowledge of its characteristics. Published reviews of SHM discuss several methods, theories and approaches in the field. Modal analysis is one important method among them. It relies on measuring structural modal parameters (e.g. natural frequencies, mode shapes…etc), then relates their values to the structure health.
Sekhar [2] and Adewuyi et al. [3] present different vibration-based damage identification methods. Fan and Qiao [4] presented classification for vibration-based damage techniques along with a brief discussion on each class.
Although beams and bars are simple in shape and analysis, they are important structural elements. Understanding their behavior can pave the way towards understanding more complex structures. This continues to draw the attention of researchers to beams and bars.
Friswell and Penny [5] investigated open crack modeling techniques. They concluded that simple open crack models can simulate cracks effectively in the low frequency range. One of the widely used crack modeling techniques is to divide the beam into two segments connected by springs [ 6, 8, 9] , as shown in Fig 1. This technique is both simple and efficient.
Fernandez-Saez et al. [6] provide an approximate method to calculate the fundamental frequency of a cracked simply supported Euler-Bernoulli beam.
Sinha et al. [7] proposed a simplified analysis to detect open crack properties based on updating a FE model using measured natural frequencies. Lin et al. [8] used Transfer Matrix analysis to estimate the first four natural frequencies and the corresponding mode shapes for Euler-Bernoulli beams with an arbitrary number of cracks. Patil and Maiti [9] proposed an approach to solve the inverse problem of beams with multiple cracks based on a Transfer Matrix approach similar to that presented by Lin et al [8] In Patil and Maiti investigation, an influence matrix is evaluated through measuring the changes in natural frequencies to quantify the cracks. Liang et al. [10] proposed a numerical technique to evaluate multiple cracks in a beam based on the natural frequencies changes, similar to Patil and Maiti investigation [9] . Chen et al. [11] extended Liang et al. [10] analysis utilizing the Dynamic Mesh-Refinement Method for an Euler-Bernoulli beam.
Crack detection in bars, rods and shafts is particularly important as they are used in all rotating machines and gearboxes, and may lead to tragic accidents [1] . Ruotolo and Surace [14] derived expressions for the natural frequencies of bars with multiple cracks. Dilena and Morassi [18] developed a numerical model to detect damage in DV Proceedings of the 16 th Int. AMME Conference, 27-29 May, 2014 rods using natural and anti-resonant frequencies. Chondros et al. [19, 20] derived the governing differential equation of a cracked bar.
In the present study, the inverse problem of cracked Euler-Bernoulli beams will be addressed using the change in the natural frequencies. As crack quantification requires evaluating its location and depth, at least two measurements are needed i.e. two or more natural frequencies. If a crack is located near a nodal point, the natural frequency will not exhibit any change regardless of the crack severity. Accordingly, more modes are needed to avoid this drawback. Available studies in the literature analyze beam and bar problems separately. While the difference between a bar and a beam is the loading direction. However, axial and transverse modes will continue to be structural properties regardless of the loading condition. In this analysis, unlike other approaches, a mixture of axial and transverse natural frequencies will be used to quantify the crack. The two measurements needed to quantify a single crack will be the first axial and transverse natural frequencies measured for the cracked beam. A major advantage of the present approach is that it neither requires prior knowledge of the natural frequencies of the intact beam nor any historical measurements.
MATHEMATICAL MODEL
The starting point of the analysis is the analytical solution of a cracked beam in both axial and transverse directions. The crack is simulated by axial and rotational massless springs. Several boundary conditions will be examined. These conditions are Fixed-Free, Fixed-Roller, Fixed-Pinned, Pinned-Pinned and Pinned-Roller support conditions. The procedure holds for any other boundary conditions.
Model Assumptions
The cracked beam of concern, as shown in Fig. 1 , has the following properties: Beam is made of an isotropic linear elastic material. The beam is a uniform, slender, Euler-Bernoulli beam, which implies that the slope of the elastic line is the first derivative of the transverse displacement. The beam contains a single double edge open crack. The crack will be represented by massless axial and rotational springs to introduce displacement discontinuity in the axial direction and slope discontinuity in the transverse direction. The change in mass properties due to the crack is negligible.
As shown in Fig. 1 , the length of the beam is L, and the crack is located a distance αL from the left end of the beam, where α ranges from 0 to 1. The ratio of total crack depth to the beam thickness is (δ). The problem will be divided into separate bar and beam problem.
Bar Problem
The bar is divided into two segments at the crack location. The spatial distribution of the displacement field of the bar is given by [14] 
where u 1 and u 2 are the axial displacement of the left and right segments of the bar respectively. The wave number λ is related to the cracked bar natural frequency by [14] :
where ρ, E and ω are the mass density, modulus of elasticity and the natural frequency of the bar respectively. The constants A, B, C and D can be evaluated by applying the boundary and compatibility conditions.
From the axial motion perspective, the boundary conditions for Fixed-Free are the same for Fixed-Roller, and Pinned-Roller conditions. They are given by:
Gives:
The compatibility conditions at the crack location imply that the derivative (representing axial strain) from both sides is the same, while the force is proportional to the axial spring stiffness:
where A is the cross section area and K a is the axial spring stiffness. This stiffness is a function of both the material properties and crack depth ratio, and will be discussed in a later section.
Applying the condition given by equation (5), we get:
Applying the condition given by (6):
Solving equations (7) and (8) for K a :
As the spring stiffness is function of the crack depth, as will be described in later section, the expression given by (9) gives the relation between the crack properties, DV Proceedings of the 16 th Int. AMME Conference, 27-29 May, 2014 in terms of location and depth, and the natural frequency of the cracked bar. This expression is valid for the Fixed-Free, Fixed-Roller, and Pinned-Roller beams.
For Fixed-Pinned and Pinned-Pinned beams, the boundary conditions are given by:
Applying the compatibility conditions given by (5) and (6), and solving the resulting equations for the spring stiffness gives:
Beam Problem
For the beam problem, similar to analysis of bar problem, the crack is represented by a rotational spring and analytical solution will be assumed for each beam segment. The beam properties are identical to those stated above.
The spatial distribution of the transverse displacement of the beam segments to the left and right of the crack are given below. Equations are cast in matrix form for ease of manipulations:
where φ in case of beam is given by [ [9] ]:
where A and I are the cross section area and second moment of area respectively. The boundary conditions for the above mentioned cases as follows:
For Pinned-Pinned and Pinned-Roller beam: 
The compatibility conditions for all cases are the same and given by [ [9] ]:
where K r is the rotational spring stiffness at the crack.
Each set of the above boundary conditions with the compatibility conditions are cast in a homogenous matrix form as detailed in Table 1 : Equations used to estimate a crack. For the four boundary conditions and the first three compatibility conditions, the wave number φ appears as a common factor with powers corresponding to the degree of differentiation. Since it has a positive non-zero value, it will be crossed out from these equations.
For Fixed-Free beam, and to get a nonzero solution of equation (26) in the appendix, the determinant of the coefficient matrix must vanish, which leads to the following solution for K r :
where C, S, Ch and Sh in equations (26) and (19) stand for cosine, sine, hyper cosine and hyper sine functions respectively, and β is given by:
The expression above matches the one derived by Patil and Maiti [9] .
Similarly, for the Pinned-Pinned and Pinned Roller beam problems, the same procedure is utilized. To derive a similar relation to (19) , the boundary conditions given by (16) are used. The nonzero solution of equation (27) in the appendix is obtained when the determinant of the coefficient matrix vanishes, which leads to the following solution for K r :
Again, the expression above matches the one derived by Patil and Maiti [9] .
For Fixed-Roller and Fixed-Pinned beams, using the boundary conditions given by (17) and solving equation (28) 
where b is the section width.
Similar expressions are available in the literature for single edge cracks. The present analysis holds to be true for other spring expressions.
PROPOSED SOLUTION
The solution procedure will be briefly described for a given crack located at distance αL from the left side, where α ranges between 0.1 and 0.9. The crack depth to section height ratio is given by δ. A procedure is required to detect the crack location and depth using measurement of the longitudinal and transverse natural frequencies. The procedure can be summarized as follows: 1. For the cracked beam, measure the first axial and transverse natural frequencies.
2. According to the beam boundary conditions, select the two appropriate equations derived for both axial and transverse modes as per 4. Equate the spring stiffness calculated by the equations selected in step (2) to those given by equations (23) and (25) with the help of equation (24). 5. Solve the resulting coupled system of equations for the crack depth and crack location.
CASE STUDIES
To test the proposed procedure, the axial and transverse natural frequencies of cracked beam are needed. Although, results on cracked bars and cracked beams are published in literature, they are not given for the same test cases. Thus, FE model was constructed assuming crack location and depth to calculate the axial and transverse natural frequencies for the same case study. The FE model was verified for bar and beam separately using those on literature [5, 14] ensuring robust results of the FE model.
According to the proposed approach, for a cracked beam, to locate the crack and estimate the crack depth, the first axial and transverse natural frequencies need to be measured. Due to absence of the measured data, the finite element method is used. So first, we introduce a known crack depth and location to the FE model to estimate the corresponding axial and transverse natural frequencies. These two natural frequencies are used as input to the equations given in Table 1 . Solving the equations with the natural frequencies are known, one can obtain the corresponding crack location and depth. The error is calculated by comparing the estimated crack depth and location (output of the equations given in Table 1 ) with those used to estimate the natural frequencies in the FEM (assumed crack values).
However, these equations are highly non-linear in both crack location α and crack depth δ. Thus an iterative numerical technique is required to solve these two equations to obtain the crack properties. Newton-Raphson method is utilized to evaluate the crack properties. 
Fixed-Free Beam
The location of the assumed crack ranges from 0.1m (12.5%) to 0.7m (87.5%) along the 0.8m beam, and the crack depth ratio ranges from 10% to 90%. The solution using the proposed approach gives small errors in most cases. The error in estimating the location does not exceed 4%, while the error in the depth does not exceed 10% in most cases, as shown in Fig. 2 and Fig. 3 . The accuracy of the crack quantification of the proposed technique is affected by the accuracy natural frequency measurements, or estimation in case of FEM model. Thus some readings are significantly lower in accuracy such as crack of 60% in depth at 87.5% of the beam length. See Fig. 3 
Fixed-Roller Beam
For Fixed-Roller beam the crack location and depth ranges are as stated above. Fig.  4 and Fig. 5 show the error in crack estimation for different crack depth and location combinations. The error is generally small except for cracks located near the fixed support. Also, as indicated above, accuracy of the natural frequency estimation affects the crack prediction accuracy.
Fixed-Pinned Beam
Results of the Fixed-Roller beam are shown in Fig. 6 and Fig. 7 . The proposed method failed to detect the crack located at 50% of the beam regardless of the crack depth. Apart from this and some limited other cases, the error is small.
Pinned-Pinned Beam
For Pinned-Pinned beam, the results are shown in Fig. 8 and Fig. 9 . The crack estimation is highly accurate for this case, with the crack location less accurate than crack depth.
Pinned-Roller Beam
For Pinned-Roller beam, the errors in crack estimations are shown in Fig. 10 and Fig. 11 . Curves show high accuracy in crack location estimation, and with inferior accuracy in crack depth estimation in some cases.
DISCUSSION AND CONCLUSIONS
The proposed approach is a simple straight forward procedure to solve the inverse problem of crack detection in Euler-Bernoulli beams. The approach can be applied to any set of boundary conditions. In general, estimating the crack properties utilizing this approach gives accurate results in both crack location and depth estimates. However, the error in estimating the crack properties is affected by accuracy of the natural frequency measurements. A large error in the natural frequency results in a large error in crack quantification. When the crack is located near one end, assuming Euler-Bernoulli for the short part is one possible source of inaccuracy of crack prediction. Another source of error is the spring stiffness relations as a function of the crack depth especially at large crack depths. In some cases of boundary conditions crack prediction has bad accuracy, and in a single case the procedure fails to detect the crack, See Fig. 6 and Fig. 7 . In some cases, the changes in natural frequencies are so small causing increase in the error of the crack perdition up to values as high as 200%.
Since the Pinned-Roller beam is symmetric about its mid span with respect to the transverse motion, the first natural frequency will be same if the crack is located at the same distance from either support. However, this is not the case for the longitudinal motion, where the bar is treated as a fixed-free bar. That is why other methods which depend on transverse modes only fail to locate the actual crack position in such a case. However, since the axial vibration mode is not symmetric, DV Proceedings of the 16 th Int. AMME Conference, 27-29 May, 2014 the present approach converges only to the correct crack location regardless of symmetry of the problem in the transverse direction. On the other hand, this approach converges to both symmetric positions if the problem is symmetric in the axial and transverse modes, like the case of Pinned-Pinned beam. 
APPENDIX
The boundary and compatibility conditions caste in matrix form for cracked cantilever (Fixed-Free) beam: The boundary and compatibility conditions cast in matrix form for cracked simply supported (Pinned-Pinned and Pinned-Roller) beams: The boundary and compatibility conditions cast in matrix form for cracked FixedPinned and Fixed-Roller beams: 
